WE PRESENT an example ofa structural stable vector field on the unit disk D3 c W3, tangent to the boundary of D3, whose nonwandering set is nonhyperbolic. For this we introduce the concept of singular horseshoe which turns out to be one of the models for structural stability on manifolds with boundary.
INTRODUCTION
The structural stability of a dynamical system on a compact boundaryless manifold is closely related to the hyperbolicity ofits nonwandering set. More specifically it is known that the hyperbolicity of the nonwandering set plus some supplementary conditions implies structural stability and it is conjectured that these sufficient conditions are also necessary [4] . It is known [Z] that this conjecture reduces to proving that structural stability implies the hyperbolicity of the nonwandering set. This conjecture has good foundations and has been proved for diffeomorphisms on surfaces and vector fields without singularities on three dimensional manifolds. The purpose of this work is to give an example that shows how different the situation is on compact manifolds with boundary. Given a compact manifold M with boundary dlM # 0, denote by X' (M, dM) the space of C' vector fields on M that are tangent to the boundary dM. We say that the vector field X E 3' (M, L?M) is structurally stable if there exists a C' neighborhood U of X such that every YE U is topologically equivalent to X, i.e. there exists a homeomorphism h: M F, that maps orbits of X onto orbits of Y preserving the natural orientation of the orbits.
THEOREM.
Let D3 be the unit disk in W3. There exists a structurally stable vector field
X E X1 ( D3, 3D3) whose nonwandering set is not hyperbolic.
The basic idea of this example is the construction ofa vector field X E 3' ( D3, dD3) having a sallde-connection (p, a) Fig. 1 . This produces a persistent cycle envolving p and 6. There is a first return map F defined on a cross section at qua associated to this cycle. This map F is a modification of Smale's horseshoe [6] and we call it a singular horseshoe. The action of F on a rectangle Q is as in Fig. 2 . As in the geometric Lorenz attractor studied by Guckenheimer-Williams [ 11, our vector field X has a singularity @above) which is accumulated by closed orbits; yet, X is structurally stable and the geometric Lorenz attractor is not. Notice that the existence of such a l Partially supportsd by CNPq, Brazil. singularity implies the non-hyperbolicity of the nonwandering set. On the other hand, it is still reasonable to expect that structural stability for vector fields X E X' (M, t?M) without singularities implies the hyperbolicity of the nonwandering set.
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THE CONSTRU~ION OF THE VECI-OR FIELD

Williams for helpful
In this section we will construct X E 3" (D3, S2) which, in the subsequent sections, will be shown to satisfy the conditions of our main result. For this, start with the vector field X0 E Em (D3, S2) having one repeller singularity ri in S2 and outside a neighborhood 9 (whose boundary is transversal to X,) of this singularity the vector field X,, is to have four hyperbolic singularities: p, pl, p2, r2 and a hyperbolic closed orbit c satisfying the following conditions: in S2 is a spiral whose o-limit set is u. W""(r2)\{r2} is contained in the interior of D3 and its o-limit set is the attractor p2. Thus the vector field X0 is a Morse-Smale one (see [3] ).
Now onecan modify the vector field X0 away from its critical elements so as to produce an unique tangency between Ws (p) and W'(B). See Fig. 4 and Fig. 5 .
By one more slight change of the above vector field we make W" (CT) to have two orbits of transversal intersection with W'(p) and the resulting vector field is the vector field X E X" (D3, S') which we will deal with. See Fig. 6 .
In the next section we will prove that R (X) = E u A, where E = {rl, r2, pl, p2} and A is the closure of the saturation by the flow X, of the nonwandering set associated to a singular horseshoe. However, at this point, we can already see that the nonwandering set of X is not hyperbolic. In fact, since W'(a) intersects W'(p) transversally and y"(p) is contained in W' (a), it is easy to see that y" (p) is in R (X). As the w-limit set of?" (p) is 0 and its a-limit set is p it follows that R(X) is not hyperbolic.
$3. THE FIRST RETURN MAP
Let X E 3" (D3, St) be the vector field given in section 2. Let S c M be a cross section to X at q E cr. Reparametrizing X, if necessary, we can assume the period of 0 to be one and that S is an invariant cross section, that is, there is a small neighborhood II c S of q such that X, (U) c S. Since there are two orbits of transversal intersection of W"(a) with W'(p) and the separatrix y' (p) of W" (p) has 0 as w-limit set, the first return map F is defined on subsets of S. The goal of this section is to describe F.
From now on we will assume that there are Cl-linearizing coordinates
p in its interior and transversal to the vector field. Let C'(p) c U, (resp. C"(p)) be a cross section to X as in Fig. 7 . We have C'(p) = C+ (p) u C-(p) u D'(p) and we assume C-(p) contained in the stable manifold of the attractor pl.
We also assume that the plane { (0, x2,x,)} is a centre-stable manifold for p and we Then the segment { (0, y), l/2 < y < l> is contained in W' (pl). Since W'(p,) is open we can suppose {(x, y); -1 5 x I 1, l/2 < y < l} is contained in the stable manifold of p1 and we assume x1 ({(x, y); -1 5 x 5 1, l/2 < y < lj) c c-(p).
We can also assume that there is a small positive number 6; (1 + 26)~~ I < l/2 -d where p is the expansion at 4~0, such that
Let H, (X) and H2 (X) be defined by
Let a be the first intersection point of W"(p) and Q. We can assume X, (H,(X)) = s,(X) contained in Q, i = 1,2, and that these sets are cones tangent to WC" (P) n Q at a.
(4 (b)
Clearly we can suppose X,(((x,1+6);
-lIxIl])cr,(X) and x3 ({(x, W-6); -1 5 x I l}) c f2 (X).
Moreover, if necessary, we modify the vector field X in order to have the following:
horizontal lines {(x, y); -1 I x I 1, y = constant) go to horizontal lines in 7i (X). TCV(X3{(X,1+b),-11xX11))=l+26 nY (X3 {(x, l/2 -6), -1 I x 5 1)) = 1 + 26, where 7cY is the projection on the y-axis. Figure 10 illustrates these features. Now we will describe the first return map F.
If we take any point (x, y), 1 + 6 < y 5 I+ 26 then (x, y) is contained in the stable manifold of the attractor pz and so, F is not defined at these points.
For either a point (x, 1) E Q or (x, l/2) E Q we define F (x, 1) = a = F (x, l/2). For points (x, y)eQ with 0 I y I ,u -' (1 + 26), where ,u is the expansion at q E 6, we can define F (x, y) = (Ax, py).
For points (x, y) such that either 1 < y 5 1 + 6 or l/2 -6 I y < l/2 we define F (x, y)as the first intersection of the positive orbit through (x, y) with the rectangle Q,={(x,y); -1IxIl,OIyI1+26}.
For points (x, y), l/2 < y < 1 F is not defined because these points are in the stable manifold of the attractor pl. For points (x, y) with p-i (1 + 26) c y < l/2 -b F is not defined because these points are such that the projection on the y-axis of their first return to S is larger than 1 + 26. So, these points return once to S and after this they go directly to the attractor p2.
Then the first return map F has the following form: (2) feC' and there exists a constant c/ > 1 such that If'(x)1 2 cI for all xel/(J/ u K,).
Observe that the second component of the first return map F defined in the previous section is an element of a.
From now on in this section, our arguments are very closely related to those in [l, section 21 and also in [S, pp. 3773.
We will prove the following proposition: 
4
The proof of the following lemma is easy and it is left to the reader. Letho:J1-+J,andh,:K, + K, be any orientation preserving homeomorphisms. If C is I one of the 3'components off-' (J,) (resp. f --I (K,-)) then its boundary is the set i xlc, x2c j (rev. (Yap, y2cji 1 with fi (xl0 = ~1~ and fi (x2,) = x2/ (rev. fi (yl,) = yls and fi (~~~1 = y2,-). This implies that there is one and only one component C, contained in gdi (J,) (resp. g-'(K,)) such that H,., (x1,) = x1<, and H,-., (xzc) = xzc, bp.
H,., (yl,) = ylc, and
Hl.s (yzc) = yz,). Now define a homeomorphism he: C + C, (resp. h,: C -+ C,) by the equation h, (x) = gei 0 h, of'(x) (resp. hI (x) = gMi Oh, of' (x)). Observe that the map gi: C, -+ .I, (resp. g': C, -+ K,) is a homeomorphism.
Since H,,, (0) = 0 and H,., (1) = 1 we can define the required homeomorphism h: I -+ I as h = H,,, on E,, h = h, on andh=h, on
iGof -i (J/)
The proposition is proved. 
It is clear that F(A) = A = F -' (A).
We will associate a symbolic dynamics to the restriction F : A -t A. For this, consider a map F, : Rd + Q such that F, has the same properties described in (a) for F. The difference between the two maps is that F,{ (x, l), -1 < x I 1) and F,{ (x, l/2), -1 I x I 1) are two disjoint intervals I and J both contained in the interior of { (x, 0), -1 I x I -2,). We will describe the sequences associated, in this way, to points in I n An and in J n An. 
$6. SINGULAR UNSTABLE FOLIATION
Let F : R, -+ Q be as in the previous section. The main goal of this section is to construct an invariant singular unstable foliation for F. To do this, let us first define the fibers through points in the F-orbit of (a, 0).
Denote R, = Q n F(A,), R, = Q n F(A,) and R2 = Q n F(A,).
Then R, and R, are, except for their vertexes, disjoint cones and Rz is a rectangle. we have that the horizontal lines are contracted by a constant C, < l/2 and therefore, except for R,,, which is a rectangle strictly contained in Rz, Rij is a cone strictly contained in Ri. Inductively, given any sequence of n-symbols x1, x1, . . . , x, of O's, l's and 2's, n 2 2, we define Rixlxl, Rx0 n f'(R,x, 1 n F2 (Rx2 1 n . . . n F"(R,) is a strictly decreasing sequence of Cr-cones and so its limit is some Co curve, which we denote y (x,,, x1, . . .), intersecting any horizontal line in an unique point. These curves are leaves through points at the positive orbit of (~~0). NOW we will define a foliation, with singularity, of {(x, y); -1 5 x 5 -i.,, F(A,) ), so that each leaf is topologically transversal to the horizontal foliation.
For this, let C"(p) c M be a cross section of X such that
. Denote by C:(p) (C,' (p) resp.) the intersection ofC'(p) with X, (A,) (X, (A,) resp.), <! 1 (<'_ 1 resp.) the intersection of C"(p) with X, { (-1, y), 1 I y 5 1 + 6) (X, { (-1, y), l/2 -6 I y I l/2} resp.) and <", (<A resp.) the intersection of C'(p) with XI { (0, y), 1 <: y I 1 +6} (X, { (0, y), l/2-6 I y 5 1/2j resp.). Let r(p) be any the horizontal foliation at an unique point (see [3] for a detailed construction of this foliation). Finally, taking the iteration under F of the above foliation together with the curves ~(x,, x,, . . .) defined at the beginning of this section, we get an unstable foliation of Q, s"(Q), with singularity, which is invariant by F. We denote by F"(x)E g=(Q) the leaf at XEQ. See Fig. 15 . Let L be the interval ((x, 1 + 6), -1 I x I 0). Given any x E L, F(F"(x)) is the union of three disjoint leaves, F:(x), F';-'(x)and F?(x), the first one contained in R,,, the second one in RI and the third one in Rz. Therefore, we can define three maps on L, fo,fi and f2, in the following way: I;(x) is the intersection of F?(x) with L, i = 0, 1,2. Since the leaves of z"(Q)
are Co disks varying continuously in the Co topology, the maps 1;, 0 I i I 2, are continuous.
From the dynamics of F it follows that J(L) nf;(L) = a! for i fj. Figure 16 displays the essential features offi', 0 5 i < 2. Fig. 18 .
Using the results from section 3 we have that given any two maps g and 4 as above there is The main goal of this section is to prove that the vector field X E 3" (D3, S2) given in section 2 is structurally stable.
We are going to construct in detail a homeomorphism h : M + M taking orbits of X to orbits of a vector field YE 3" (D3, S2) near X, preserving their orientation.
Let U(X) be a neighborhood of 
(p(Y))/Cf(p(Y)) u C: (P(Y)).
The projection along the flow of the restriction of the unstable foliation "e(X) of Q to {(x,y)~Q;-1 Ix< -A,,01 y I 1 + S} defines on C"(p(X)) a foliation which we denote by s(C"(p(X))).
The conjugacy h defined on Q induces, in a natural way, a homeomorphism h':C'(p(X) ) 
C"(p(Y)) compatible with s(cY(p(X))).
From Lemmas 3 and 4 of [3] it follows that these homeomorphisms h' and h' defined above can be extended to a homeomorphism from a neighborhood of p(X) onto a neighborhood of p(Y) taking orbits of X onto orbits of Y, preserving their orientation. Using the equation hX, = Y,h we extend h to a neighborhood of the saddle connection. Clearly h is continuous and has a continuous inverse. The theorem is proved. n
